
HEAT TRANSFER TO AN ISOTHERMAL FLAT PLATE 

IN TURBULENT FLOW OF A LIQUID OVER A WI-DE 

RANGE OF PRANDTL AND REYNOLDS NUMBERS 

A. Sh. Dorfman and O. D. Lipovetskaya UDC 536.245:532.517.4 

The study of heat t ransfer  in turbulent flow over  a flat plate is  very important ,  not only because 
this situation frequently a r i ses  in pract ice ,  but also in that data for an i sothermal  fiat plate are  
used to calculate heat t ransfer  in more  complex cases .  In par t icular ,  such data are  neces sa ry  
when one uses the limiting relative laws which allow calculation of the effect of compressibi l i ty ,  
p r e s s u r e  gradient ,  blowing, and other  perturbing fac tors  [1]. Most papers  dealing with heat t rans -  
fe r  for an isothermal  flat plate r e fe r  to comparat ively  low Re values, when the velocity d i s t r i -  
bution in the boundary l ayer  over  almost  its entire thickness can be descr ibed by the universal  
law of the wall. However,  as Re increases  there is an increas ing layer  adjacent to the outer  
boundary in which the velocity distribution cannot be descr ibed by the law of the wall, and there -  
fore the resu l t s  obtained for low Re are inapplicable. In the present  paper  coefficients of heat 
t ransfer  f rom a turbulent flow to an i so thermal  flat plate have been obtained by numerical  inte-  
gration of the thermal boundary- layer  equations over  a wide range of the pa ramete r s  3" 105 -< 
R e ~  2.5.1012, 10 -2 -< P r -  < 103o 

Works [2-5] made use of equilibrium turbulent boundary layers  charac te r ized  by a constant dimension- 
less  p r e s s u r e  gradient  fl = 6*~-w"ldp/dx. By integrating the dynamic layer  equations Mellor and Gibson [5] 
calculated the velocity defect profi les for  layers  for  various values of fi, and in [6] this method of relating the 
velocity defect profiles with the universal  law of the wall profiles was used, and a constituent function was 
proposed to determine the turbulent viscosi ty coefficient~ Here the velocity and turbulent viscosi ty dis t r ibu-  

the layer  were descr ibed by functions of the dimensionless  coordinate v = y /A,  where A = 5 , / ~ / c f / 2 ,  tions in 
depending on the pa rame te r s  fl and Re .  = 5* U / v .  

For  these conditions and for  a constant value of the turbulent Prandtl  number  P r  t Dorfman [7] obtained 
solutions of the thermal  boundary- layer  equation for  gradient  equil ibrium flows and a rb i t r a ry  surface temper-  
ature distribution. 

For  the case considered here  - a n i s o t h e r m a l p l a t e  (T w = const,  fl = 0) - t h e s e  formulas  have the form 

0 = ( T  - -  T~c). '(T w - -  T ~ )  - -  Go(Cp), S t ( c ( 2 P r ) q o  (1) 

where G0(r is a function determined by integrating the ord inary  differential equation given in [7]; go = - (2/32/ 
Re*)l/2i(Pl/2Go)r = 0;/31 is a p a r a m e t e r  depending on. /3 and Re,  [5]; and ~ is a variable uniquely related to the 
variable V [71, 

= lh l :~-~ j u/va~. (2) 
0 

In the calculations the turbulent Prandtl  number  P r  t was assumed equal to unity. For  large values of 
Prandtl number,  when the thermal  l ayer  is located in the viscous sublayer,  there is appreciable attenuation of 
fluctuations in the viscous sublayer.  It is also assumed (e.g., in [8]), that the turbulent viscosi ty coefficient 
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i s  p r o p o r t i o n a l  to the fou r th  p o w e r  of the  d i s t a n c e  f r o m  the wal l .  F o r  P r  < 1, when the t h e r m a l  l a y e r  i s  t h i c k -  
e r  than the d y n a m i c  l a y e r ,  i t  i s  a s s u m e d  tha t  the t u r b u l e n t  v i s c o s i t y  c o e f f i c i e n t  d o e s  not  v a r y  o u t s i d e  the 
d y n a m i c  l a y e r  and i s  equal  to i t s  c o r r e s p o n d i n g  value  at  the  o u t e r  edge  of the d y n a m i c  l a y e r  [9]. 

F i g u r e  1 shows r e s u l t s  of c a l c u l a t i o n s  in the f o r m  of  the Reyno lds  ana logy  c o e f f i c i e n t  2 S t / c f  as a func-  
t ion of P r a n d t l  n u m b e r  P r ,  fo r  v a r i o u s  v a l u e s  of  the  p a r a m e t e r  R e ,  [for c u r v e  1) R e .  = 103; 2) R e ,  = 10s; 

3) Re* = 10~]. 

F o r  c o m p a r a t i v e l y  low v a l u e s  of Re ,  and f o r  va lues  of P r  n e a r  uni ty ,  the  r e s u l t s  of the c o m p u t a t i o n s  
a g r e e  wel l  wi th  the f o r m u l a  2 S t / e l  = P r  -~176 (curve  4) and a l so  wi th  the value  1/0 .863 (the po in t  i n d i c a t e d  by a 
t r i a n g l e )  ob ta ined  in [10] by r e d u c i n g  e x p e r i m e n t a l  d a t a  f o r  a i r  ( P r  = 0.7).  

The  c o m p u t a t i o n s  a l so  a g r e e  we l l  wi th  r e s u l t s  ob t a ined  f o r  P r  = 0 .5-2  and 1=2 "105 < R e ,  < 1 o l l  �9 109 in 
[11] by n u m e r i c a l  i n t e g r a t i o n  of the  s y s t e m  of  t u r b u l e n t  b o u n d a r y - l a y e r  d i f f e r e n t i a l  equa t ions ,  u s i n g  the  C lau-  
s e t  f o r m u l a  fo r  the  f r i c t i o n  s t r e s s  and the Cowles  f o r m u l a  fo r  the v e l o c i t y  d i s t r i b u t i o n  in the  b o u n d a r y  l a y e r  
(points of the  c u r v e s  1-3) .  

F o r  l a r g e  v a l u e s  of Re the ana logy  c o e f f i c i e n t  v a l u e s  d i f f e r  s u b s t a n t i a l l y  f r o m  the c o r r e s p o n d i n g  v a l u e s  
at low Re .  The  i n c r e a s e  in Re l e a d s  to a g rowth  fo r  P r  > 1, and fo r  P r  < 1 i t  l e a d s  to a r educ t i on  in the 
ana logy  c o e f f i c i e n t .  

In o r d e r  to ob ta in  an a p p r o x i m a t i o n  fo r  c a l c u l a t i n g  the h e a t - t r a n s f e r  c o e f f i c i e n t s  we u s e  the  fo l lowing  
c o n s i d e r a t i o n s .  I t  was  shown in [12] that  fo r  P r - -  o~ the Stanton n u m b e r  i s  p r o p o r t i o n a l  to ~/cf/2. In add i t ion ,  
i t  i s  we l l  known tha t  fo r  P r  = 1 the  Stanton n u m b e r  i s  p r o p o r t i o n a l  to c f / 2 . .  F r o m  th i s  We can p r e d i c t  that  
even  f o r  o t h e r  P r  va lue s  t he re  i s  a p r o p o r t i o n a l i t y  be tween  St and ( c f / 2 )  n, and that  the exponen t  d e c r e a s e s  with 
i n c r e a s e  of P r a n d t l  n u m b e r ,  f r o m  1 at P r  = 1 to 0.5 f o r  P r  - -  OOo F r o m  the r e l a t i o n s  g iven  in  F i g .  2 log  St = 
f(logcf/2),obtainedbycaleulation[for c u r v e  1) P r  = 1000; 2) P r  = 100; 3) P r  = 10; 4) P r  = 1; 5) P r  = 0.1; 6) 
P r  = 0.01], i t f o l l o w s  that  th i s  p r o p o r t i o n a l i t y  a c t u a l l y  o c c u r s  fo r  P r  > 1. H e r e  the c o r r e s p o n d i n g  va lue s  of  
the exponent  n a r e  p r e s e n t e d  as  a func t ion  of P r a n d t l  n u m b e r  (curve  7). By r e p l a c i n g  the c u r v e  n = f ( l o g P r )  by  
two s t r a i g h t  l i ne s  and d e t e r m i n i n g  the c o r r e s p o n d i n g  c o e f f i c i e n t s  of p r o p o r t i o n a l i t y  be tween  St and c~f/2, we 
ob ta in  the  a p p r o x i m a t i o n s  

St ---- Pr-1.~5(c/2) t-0.~gl~pr (1 < Pr ~ 50); (3) 

St = O.lt3Pr-~/~(cs/2)V" (Pr  > 50). (4) 

F i g u r e  3 c o m p a r e s  the  r e s u l t s  of the  c a l c u l a t i o n  us ing  the l a s t  f o r m u l a  with e :gpe r imen ta l  d a t a  of [12] 
[for c u r v e  1) R e .  = 103; 2) R e .  = 105; 3) R e .  = 109]. The  c a l c u l a t e d  c u r v e s  StC2/ef = f ( P r ) ,  which  m e r g e  into 
one c u r v e  f o r  l a r g e  P r a n d t l  n u m b e r s ,  w e r e  con t inued  in to  the  r e g i o n  P r  > 1 0 3 b y  c a l c u l a t i n g  the  s l o p e  of the  
tangent  a t  the po in t  P r  = 103. 

Good a g r e e m e n t  i s  o b s e r v e d  b e t w e e n  the c o m p u t e d  e x p e r i m e n t a l  d a t a :  the coe f f i c i en t  of p r o p o r t i o n a l i t y  
i s  0.113 in  Eq.  (4), as d e t e r m i n e d  by c a l c u l a t i o n ,  and i t  p r a c t i c a l l y  c o i n c i d e s  with the  va lue  0.115 d e t e r m i n e d  
in [12] by c o m p a r i s o n  with  e x p e r i m e n t a l  d a t a .  I t  can  be s een  f r o m  F i g .  3 tha t  Eq.  (4) d e s c r i b e s  the  r e s u l t s  
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obtained quite wel l  f o r  1)r > 50. F o r  P r  < 50 the c u r v e s  re la t ing  to d i f fe ren t  R e ,  va lues  d ive rge  subs tant ia l ly ,  
Eq. (4)�9 is  no longe r  app rop r i a t e ,  and in the reg ion  1 < P r  < 50 the r e su l t s  a re  d e s c r i b e d  by Eq. (3). The f r i c -  
tion f a c t o r  appear ing  in Eqs .  (3) and (4) was  d e t e r m i n e d  f r o m  the equation 

1/21c---~ : :  (1/• In Re, -" 4.31, 

where  R e ,  and Re x a re  connec ted  by the r e l a t ion  [7] 

(5) 

R e ,  

These  two equat ions  connec t  e f  and Re x impl ic i t ly .  
use  the Sehlicht ing f o r m u l a  

:= [~1cl /2 .  l~ex. (6)  

T h e r e f o r e ,  f o r  the ca lcu la t ions  i t  is  m o r e  convenien t  to 

c~ = (2 lg Rex --0.65) -2.~, 

which g ives  r e su l t s  c lo se  to those  obta ined  us ing  Eqs .  (5) and (6). 

F r o m  the da ta  of F ig .  2 it can  be seen  that  f o r  P r  < 1 the r e su l t s  of the ca lcu la t ions  cannot  be approxi -  
mated  by funct ions of type (3) and (4): the dependence  log(St) =f( logc f /2  ) is non l inea r .  However ,  it t u rns  out 
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that for  P r  < 1 there is a unique relation Nu x = t (Pex)a t  all the Re values. This is given in Fig. 4, where the 
results  obtained have been brought together  on the graph log Nu x = f ( l og  Pex), and it can be seen that all the 
points (denoted by circles)  re fer r ing  to the values Dr < 1 form a single curve,  while the points (denoted by 
crosses)  re fe r r ing  to values P r  > 1 do not fall on the curve.  

In Fig.  5 the re la t ion obtained Nu x = f (Pex)  is  compared with the resul ts  of experiments  obtained in [13] 
for  air  (• and in [14] for  liquid metals  ( . ) ,  It can be seen that the theoret ical  resul ts  are in good agreement  
with the experimental  data, 

The unique relat ion Nu x = f  (Pex) can be approximated by the formula  

NtI~ 0'023 -~- t.04 -- 0,0335 tg Pex, 

analogous to the Schlichting formula  for  the fr ic t ion factor ,  Simpler p'~wer relat ions can be obtained by approx- 
imating to this relation by severa l  relat ions,  for example,  as in Fig. 4, by three s traight  lines. 

The straight  line 1 was constructed according to the equation 

^ 9 " 9  ~ 0 6 2  Nux = U..5- t'e~' (t03 < Pex < t05)t 

and the s t ra ight  line 2 was constructed by the relat ion 

(7) 

Nux = 0.247Pe~ "~5, (S) 
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obtained in [9] for 103 < Re x < 2.105 and 0.005 < P r  < 0~ with a logar i thmic velocity profile in the layer  
and a l inear  distribution of shear  s t ress~ It can be seen f rom Fig~ 4 that with these values of Pe x the resul ts  
of our  calculations and Eq. (7) are  in good agreement with Eq. (8). 

For  large values of the P6clet number  the resul ts  of the calculations can be approximated by two analo- 
gous relat ions (the straight  lines 3 and 4 in Fig~ 4): 

Nu~ 0.036 Pe~ s (~0 ... Pe .~5. i0~) ;  (9) 

Nux = 0.00576Pe ~ (5 �9 ~08 ~Pe .~<2.5  �9 t012). (10) 

The approximations (9) and (10) are  suitable for Pr  < 1 and give good resul ts  right up to Pr  = 1 for  large 
Re numbers  (Rex> 107). 

The use of these formulas  for low values of Re and Pr  close to 1 leads to e r r o r s ,  which are 25% for  
Re x = 2 �9 l0 s and P r  = 1o In this region of the pa ramete r s  the well-known relat ions can be used. 

Equations (3), (4), (7), (9), and (10) span pract ical ly  the whole range of pa ramete r s  encountered. 

In conclusion in Fig. 6 we p resen t  the dimensionless  tempera ture  profiles 0(y/ST) in the boundary layer ,  
calculated using Eqs~ (1) and (2) for various values of P r  and R e .  (the solid lines correspond to Re,  -= 103 and 
the broken lines, to Re .  = 103; for  curves  1, 2, 3, and 4 P r  has the values 10 -2, 1, 10, and 100)~ It follows from 
the data of Fig~ 6 that the Reynolds number has  an appreciable influence on the tempera ture  distribution in the 
layer.  This influence inc reases  with decrease  of Prandtl  number  and is qualitatively s imi la r  to the effect of 
Prandtl  number.  
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E F F I C I E N C Y  OF A T H E R M A L  C U R T A I N  

E .  V .  S h i s h o v  UDC 532.517.4 

Gas cur ta ins  a r e  widely used to p ro t ec t  su r f ace s  washed by a h igh-enthalpy gas  flowo 

The main p a r a m e t e r  descr ib ing  the hea t  t r a n s f e r  under  these  conditions is  the cur ta in  eff ic iency 

0 ~ ]'W ~ T o  6"*T1 
t ~ t  , 

TW. - -  r .  6Tad 

where T o is the t e m p e r a t u r e  of the unper turbed  s t r eam;  T~v is the adiabatic wall t empera tu re ;  Twl is the wall 
6** t e m p e r a t u r e  at the cur ta in  ent rance  point; Tad is  the ene rgy  loss  thickness  on the adiabatic wall; and 5"_* is 

the ene rgy  loss  thickness  at  the cur ta in  en t rance  point.  Ti 

Severa l  authors [1-3] have proposed analyt ical  expres s ions  to de te rmine  the eff iciency of the the rmal  
curtain;  in [2, 3] these  expres s ions  were  given fo r  the l imiting ease  x ~ co. 

However ,  in a n u m b e r  of  c a s e s  of p rac t i ca l  engineer ing impor tance  the length of the p ro tec ted  su r f aces  
is  smal l ,  and there  is the re fo re  a need for  m o r e  accura te  de te rmina t ion  of the rma l  cur ta in  eff iciency in the 
ent rance  section.  An analyt ical  exp res s ion  for  this case  can be obtained f rom the following assumpt ions .  I t  
is well known [1, 2] that under  these conditions the law of superposi t ion  of the rma l  f ields is  applicable,  and 
one can the re fo re  a s s um e  that a new the rmal  pe r tu rba t ion  resul t ing  f r o m  the effect  of the wail being adiabatic 
will grow in the exist ing the rma l  boundary l a y e r  in the s a m e  way as the thermal  boundary l aye r  grows under  
the conditions of the preceding  adiabatic  sec t ion .  

Figure  1 shows the t e m p e r a t u r e  prof i le  on an adiabatic  wall (solid l ine).  In o r d e r  to show how a new 
thermal  per tu rba t ion  develops ,  i .e . ,  the region with zero  t e m p e r a t u r e  gradient ,  i t  is  convenient to r e p r e s e n t  
the d imens ion less  t e m p e r a t u r e  in the f o r m  

(Tw~ - -  T ) / ( T w ,  - To )  
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